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1. Introduction
Let p >2 be a prime. We fix p throughout this paper. Let Q be the rational numbers.
For an algebraic number field k of finite degree, C(k) and h(k) denote the ideal class group
and the class number of k, respectively. Let C(k) be the -Sylow subgroup of C(k) for a
prime .
In [6] we proved the following theorem.
THEOREM 1.1. Let  and q be distinct primes and L/K a finite Galois extension
such that Gal (L/K) is a q-group. If α‖h(K), then either α‖h(L) or f | h(L), where f is
the order of  mod q .
In this paper we refine Theorem 1.1 as follows.
THEOREM 1.2. Let  be a prime and let L/K be a finite solvable extension such that
  [L : K]. Let q1, q2, . . . , qr be the distinct prime factors of [ L : K ], and put
f = min{ the order of  mod qi | i = 1, 2, . . . , r} .
Then at least one of the following statements holds.
(i) C(k) ∼= C(L).
(ii) #C(K) · f | #C(L).
Let us now consider the class number h+(m) of the maximal real subfield Q(ζm+ζ−1m )
of the m-th cyclotomic field, where ζm denotes a primitive m-th root of unity.
As for the class number h+(p) for small p,F. van der Linden [3] showed the follow-
ing theorem.
THEOREM 1.3. 　
(i) If p ≤ 67, then h+(p) = 1.
(ii) If we assume the generalized Riemann hypothesis for the Dedekind zeta function




The above theorem shows that h+(p) < p when p ≤ 67. Vandiver’s conjecture states
that p does not divide h+(p). If h+(p) < p for all p, then Vandiver’s conjecture is trivially
true. So it is natural to ask whether h+(p) < p or not. As for this question, it is shown that
h+(p) > p for some p ( for example, see [9], [10], and [11] ).
Now, let us consider a Sophie Germain prime p, namely, p = 2q + 1, where q is a
prime.
In [5] we proved the following theorem.
THEOREM 1.4. Let p be a Sophie Germain prime. If h+(p) < p, then h+(p) = 1.
On the other hand, it is conjectured that h(Q(ζp)) is odd for any Sophie Germain
prime p (for example, see [12] ).
In this paper we prove the following:
THEOREM 1.5. Let p be a Sophie Germain prime and let C ≥ 1 be a real number.
If p > 23C+1, then either h+(p) is odd or h+(p) > Cp.
COROLLARY. Let p be a Sophie Germain prime. Then either h+(p) is odd or
h+(p) > 100p.
In [6] we proved the following theorem.
THEOREM 1.6. Let p be a prime such that p = 4q + 1 for some prime q . Assume
that q + 1 is not a power of 2 and 2q + 1 is not a power of 3. If h+(p) < p, then
h+(p) = h(Q(√p)).
In this paper, using Theorem 1.2, we prove the following:
THEOREM 1.7. Let p be a prime such that p = 4q + 1 for some prime q and let
C ≥ 1 be a real number. Assume that 2q + 1 is not a power of 3. If p > 4 · 35C , then either
C3(Q(
√
p)) ∼= C3(Q(ζp + ζ−1p )) or h+(p) > C · h(Q(
√
p))p .
COROLLARY. Let p and q be as in Theorem 1.7. Assume that 2q + 1 is not a power
of 3. Then either
C3(Q(
√
p)) ∼= C3(Q(ζp + ζ−1p )) or h+(p) > 100 · h(Q(
√
p))p .
THEOREM 1.8. Let p be a prime such that (p − 1)/4 is a prime and let C ≥ 1 be a
real number. If p > 4 · 55C then either
C5(Q(
√
p)) ∼= C5(Q(ζp + ζ−1p )) or h+(p) > C · h(Q(
√
p))p .
COROLLARY. Let p be as in Theorem 1.8. Then either
C5(Q(
√
p)) ∼= C5(Q(ζp + ζ−1p )) or h+(p) > 100 · h(Q(
√
p))p .
2. Proof of Theorem 1.2
To prove Theorem 1.2, we need the following theorem.
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THEOREM 2.1. Let  nd q be distinct primes and L/K a finite Galois extension such
that G = Gal(L/K) is a q-group. Then #C(K) | #C(L) and the following statements
hold.
(i) C(K) ∼= C(L)G.
(ii) C(K) ∼= C(L) or f | #C(L)/#C(K), where f is the order of  mod q .
Proof. (i) Since   [L : K], class field theory shows that the natural map C(K) →
C(L) is injective. Hence we have an injective map
g : C(K) ↪→ C(L)G .
To show that this is surjective, take an arbitrary x ∈ C(L)G. Then
x[L:K] = NL/Kx,
where NL/Kx denotes the norm of x. Clearly NL/Kx is contained in the image of g . Since
  [L : K], this implies that x is contained in the image of g . This proves the surjectivity
of g . Hence g is an isomorphism, which proves (i).
(ii) If C(L)G = C(L), then C(K) ∼= C(L) by (i). Hence (ii) holds. Suppose that
C(L)
G 	= C(L). Let
CN (L) = {x | x ∈ C(L),NL/Kx = 1} .
To prove that f | #C(L)/#C(K), we remark that
C(L)
G ∩ CN (L) = {1} .(a)
In fact, if x ∈ C(L)G ∩ CN (L), then
x[L:K] = NL/Kx = 1 .
Since   [L : K], we have x = 1. Hence C(L)G ∩ CN (L) = {1}. It follows from (a)
that, except for the neutral element, the order of every G-orbit of CN (L) is divisible by q .
Therefore
#CN (L) ≡ 1 (mod q) .
Since f is the order of  mod q , this implies that f | #CN (L). Combining this with (i) and
(a), we conclude that
f |#(C(L)/C(L)G) = #C(L)/#C(K) .
This proves (ii). 
Proof of Theorem 1.2. From the solvability condition on Gal(L/K), we have a se-
quence of subextensions
K = K0 ⊂ K1 ⊂ · · · ⊂ Ks = L (s ≥ r)
such that
(1) C(K0) ↪→ C(K1) ↪→ · · · ↪→ C(Ks), and
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(2) Ki/Ki−1 is an abelian extension such that [Ki : Ki−1] is a power of qmi for some
mi (1 ≤ mi ≤ r) for every i = 1, 2, . . . s.
Then Theorem 2.1 shows that either
C(Ki−1) ∼= C(Ki) or fmi | #C(Ki)/#C(Ki−1) ,
where fmi is the order of  mod qmi . If C(Ki−1) ∼= C(Ki) for all i = 1, 2, . . . s, then
C(K) ∼= C(L). Hence (i) holds. Suppose that
C(Ki−1) 	∼= C(Ki) for some i, and C(Ki−1) ∼= C(Kj ) for j = 0, 1, . . . i − 1 .
Then
fmi | #C(Ki)/#C(Ki−1) , and C(K) ∼= C(Ki−1) .
Since fmi ≥ f and C(Ki) ↪→ C(L), this implies that
f | #C(L)/#C(K) ,
which proves (ii). 
COROLLARY. Let p be a prime. Let K be a proper subfield of Q(ζp +ζ−1p ) and let 
be a prime such that   [Q(ζp + ζ−1p ) : K]. Let qi, q2, . . . , qr be the distinct prime factors
of [Q(ζp + ζ−1p ) : K], and put
f = min{ the order of  mod qi | i = 1, 2, . . . , r } .
Then either C(K) ∼= C(Q(ζp + ζ−1p )) or h(K) · f | h+(p).
Proof. Theorem 1.2 shows that either
C(K) ∼= C(Q(ζp + ζ−1p )) or #C(K) · f | #C(Q(ζp + ζ−1p )) .
Now suppose that #C(K) · f | #C(Q(ζp + ζ−1p )). Class field theory shows that the
norm map from C(Q(ζp + ζ−1p )) to C(K) is surjective. Since #C(K) · f | #C(Q(ζp +
ζ−1p )), it follows that h(k) · f | h+(p). This completes the proof. 
3. Proof of Theorem 1.5 and its Corollary





(x − ζ jm)
be the m-th cyclotomic polynomial.
To prove Lemma 3.2, we need the following lemma. We owe the proof to the referee.
LEMMA 3.1. Let  be a prime and let q >  be a prime. Let f be the order of
 mod q and let n = (f − 1)/q , and let f1 be the order of  mod n. Then at least one of
the following statements holds.
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(i) f is the order of  mod n.
(ii) f = re+1, f1 = re, n = re − 1 and q = Φf (), where r is a prime and e ≥ 0
is an integer.
Proof. Since f1 is the order of  mod n, f1 | f . Assume that f1 < f . Since f −
1 = (f1 − 1) · {(f − 1)/(f1 − 1)} and n | f1 − 1, it follows that n = f1 − 1 and
q = (f − 1)/(f1 − 1). Now, for an integer s > 1, we define Ns to be the number of
prime factors of s and for s = 1, we define Ns to be zero. Then we have Nf = Nf1 + 1,
since q = ∏d | f,df1 Φd() and q is a prime. Therefore f = re+1, f1 = re, n = r
e − 1
and q = Φf (). So the lemma holds. 
LEMMA 3.2. Let C ≥ 1 be a real number. Let  be a prime and let q >  be a
prime. Let f be the order of  mod q and let n = (f − 1)/q . If  − 1 < n ≤ C, then
q < C .
Proof. Let f1 be the order of  mod n. First, assume that f1 = f and n ≤ C. Since
1 ≤  − 1 < n, f ≤ ϕ(n) < n, where ϕ(n) is Euler’s function. Since n ≤ C, it follows
that q < nq = f − 1 < f < C . Therefore we have q < C . Next, assume that f1 < f
and n ≤ C. Since f1 < f , Lemma 3.1 shows that f = re+1, f1 = re, n = re − 1 and
q = Φf (), where r is a prime and e ≥ 0 is an integer. So
q = Φf () = Ar−1 + Ar−2 + · · · + A + 1 = (Ar − 1)/(A − 1) ,
where A = re . Since A = n + 1 ≤ C + 1, it follows that q ≤ {(C + 1)r − 1}/C <
(C + 1)r/C. On the other hand, since re = n + 1 ≤ C + 1, we have
re ≤ log(C + 1)/ log  ≤ log(C + 1)/ log 2 .
Since n = re −1 and n > −1, we have e > 0. So r ≤ re ≤ log(C +1)/ log 2. Therefore
q < (C + 1)r/C ≤ (C + 1) log(C+1)log 2 /C .
Let
f (x) = x log 2 − {log(x + 1)}2/ log 2 + log x .
We can easily show that
f ′(x) = log 2 − 2 log(x + 1)/{(x + 1) log 2} + 1/x > 0
for x ≥ 1. So f (x) ≥ f (1) = 0 for x ≥ 1. Since exp(f (x)) = 2x(x + 1)− log(x+1)log 2 x, we
have
(x + 1) log(x+1)log 2 /x ≤ 2x
for x ≥ 1. Since 2x ≤ x for x ≥ 1, we have
(x + 1) log(x+1)log 2 /x ≤ x
for x ≥ 1. Therefore we have q < C . So the lemma holds. 
LEMMA 3.3. Let h−(p) be the first factor of h(Q(ζp)). If h+(p) is even, then h−(p)
is even.
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Proof. See Masley [4, Theorem 2.21]. 
LEMMA 3.4. Let q be an odd prime. Let f be the order of 2 mod q and let n be an
odd number such that 2f − 1 = nq and n + 2 < q . Then the following statements hold.
(i) f is odd.
(ii) If  is a prime factor of n, then  ≡ ±1 (mod 8).
Proof. (i) Assume that f is even. Then (2f/2−1)(2f/2+1) = nq . If q | (2f/2−1),
then n < q ≤ 2f/2 − 1 < 2f/2 + 1. So we have nq < 2f − 1. This is impossible. If
q | (2f/2 + 1), then q ≤ 2f/2 + 1. Since n + 2 < q , it follows that n < q − 2 ≤ 2f/2 − 1.
Hence we have nq < 2f − 1. This is also impossible. So f must be odd.
(ii) Since 2f − 1 = nq , we have 2f ≡ 1 (mod ). Since (i) and 2f ≡ 1 (mod ), 2
is a square mod . So  ≡ ±1 (mod 8). Therefore the lemma holds. 
LEMMA 3.5. Let p be a prime such that p = 2q + 1 for some prime q > 3. Then q
is not a Mersenne prime. Let f be the order of 2 mod q and let  > 3 be a prime such that
2f − 1 = q . Then  is not a Mersenne prime.
Proof. Note that q ≡ 2 (mod 3). Assume that q = 2m − 1 for an integer m. Since
q > 3,m must be an odd prime. So q = 2m − 1 ≡ 1 (mod 3), which is a contradiction.
Therefore q is not a Mersenne prime. Assume that  = 2m − 1 for an integer m. Since
 > 3, m must be an odd prime. If 2f − 1 = q , then f = mt for an integer t > 1. Hence
2f − 1 = 2mt − 1 = (2t − 1)(2t (m−1) + · · · + 2t + 1) = q .
Since q 	= 2t − 1, it follows that  = 2t − 1 and t = m. So
q = 2m(m−1) + · · · + 2m + 1 ≡ 2m−1 + · · · + 2 + 1 ≡ 2m − 1 ≡ 1 (mod 3) ,
which is a contradiction. Hence  is not a Mersenne prime. This completes the proof. 
LEMMA 3.6. Let p be a prime such that p = 2q + 1 for some prime q > 251. Let
f be the order of 2 mod q and let n be an odd number such that 2f −1 = nq and n < 201.
Then n 	= 1, 49 n and   n for any prime  such that 3 ≤  ≤ 61 and  	= 7.
Proof. Since n + 2 < q , Lemma 3.4 shows that f is odd. We now divide the proof
into the following seven steps.
(1) Since q > 251, Lemma 3.5 shows that q is not a Mersenne prime. So we have
n 	= 1.
(2) Since n + 2 < q , Lemma 3.4 shows that   n if  ∈ {3, 5, 11, 13, 19, 29, 37, 43,
53, 59, 61}.
(3) Assume that 49 | n. Since n = 49k for an odd number k, 2f − 1 = 49kq and
49k < 201. Since the order of 2 mod 49 is 21, it follows that f = 21m for some integer m
and
221m − 1 = (27 − 1)(27(3m−1) + · · · + 27 + 1) = 49kq .
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Since 27 − 1 = 127 and q > 251, k must be divisible by 127. This is impossible, since
k < 201/49. So we have 49  n.
(4) Assume that  | n when  = 17 or 41. Then it follows that the order of 2 mod 
is even. So f must be even. This is impossible, since f is odd. Therefore we have   n
when  = 17 or 41.
(5) Assume that 23 | n. Since n = 23k for an odd number k, 2f − 1 = 23kq and
23k < 201. Since the order of 2 mod 23 is 11, it follows that f = 11m for some integer m
and
211m − 1 = (211 − 1)(211(m−1) + . . . + 211 + 1) = 23kq .
Since 211 − 1 = 23 · 89 and q > 251, k must be divisible by 89. This is impossible, since
k < 201/23. So we have 23  n.
(6) Assume that 31 | n. Since n = 31k for an odd number k, 2f − 1 = 31kq and
31k < 201. Since 31 = 25 − 1, Lemma 3.5 shows that k 	= 1. On the other hand, since
31k < 201, (2) shows that k = 1. This is impossible. So we have 31  n.
(7) Assume that 47 | n. Since n = 47k for an odd number k, it follows that 2f − 1 =
47kq and 47k < 201. Since the order of 2 mod 47 is 23, it follows that f = 23m for some
integer m and
223m − 1 = (223 − 1)(223(m−1) + · · · + 223 + 1) = 47kq .
Since 223 − 1 = 47 · 178481 and k < 201/47, q must be the prime 178481. So p =
2q + 1 = 269 · 1327. This is impossible. Therefore we have 47  n. So the lemma holds.

Proof of Theorem 1.5. Let q = (p − 1)/2. Since p is a Sophie Germain prime, q is
also a prime. Theorem 1.3 shows that if q ≤ 3, then h+(p) = 1. So Theorem 1.5 holds for
q ≤ 3. Therefore we assume that q > 3. Furthermore, we assume that 2 | h+(p). Since
2 | h+(p), Theorem 1.2 shows that 2f | h+(p), where f is the order of 2 mod q . Now, let
n = (2f − 1)/q . Since q > 3, Lemma 3.5 shows that q is not a Mersenne prime. So we
have n > 1. Since n > 1, Lemma 3.2 shows that if n ≤ 3C, then q < 23C . If q < 23C , then
p = 2q + 1 < 23C+1 + 1, hence p ≤ 23C+1. So if p > 23C+1, then n > 3C. Therefore if
p > 23C+1, then
h+(p) ≥ 2f = nq + 1 > nq > 3Cq .
Since 3Cq = 2Cq + Cq>2Cq + C = C(2q + 1) = Cp, it follows that if p > 23C+1, then
h+(p) > Cp. So the theorem holds. 
Proof of Corollary to Theorem 1.5. Let q = (p − 1)/2. Since p is a Sophie Germain
prime, q is also a prime. From the table of [8], it follows that h−(p) is odd for p = 2q+1 ≤
503. Lemma 3.3 shows that h+(p) is odd for p = 2q + 1 ≤ 503. Therefore Theorem 1.5
holds for q ≤ 251, since p = 2q + 1 ≤ 503. So for simplicity we assume that q > 251.
Further, from now on, we assume that 2 | h+(p). Since 2 | h+(p), Theorem 1.2 shows that
2f | h+(p), where f is the order of 2 mod q .
In the following, we prove that
2f | h+(p) ⇒ h+(p) > 100p .
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Now assume that  is an odd number such that 2f − 1 = q and  < 201. By Lemma 3.6,
 must be a prime such that  = 7 or 67 ≤  ≤ 199. Since q > 3 and  > 3, Lemma 3.5
shows that both q and  are not Mersenne primes. Therefore f must be an odd prime. Since
 + 2 < q , Lemma 3.4 shows that  ≡ ±1 (mod 8). Since both 7 and 127 are Mersenne
primes, Lemma 3.5 shows that  	= 7, 127. Since  ≡ ±1 (mod 8) and  	= 7, 127, it
follows that
 ∈ {71, 73, 79, 89, 97, 103, 113, 137, 151, 167, 191, 193, 199} .
Now, suppose that  ∈ {71, 73, 79, 97, 103, 113, 137, 151, 191, 193, 199}. Then it
follows that the order of 2 mod  is a composite number. So f must be a composite number.
This is impossible, since f is a prime. Therefore  ∈ {89, 167}.
 = 89: In this case, since the order of 2 mod 89 is 11, it follows that f = 11m for
some integer m and
211m − 1 = (211 − 1)(211(m−1) + · · · + 211 + 1) = 89q .
Since 211 − 1 = 89 · 23, q must be 23. This is impossible, since q > 251.
 = 167: In this case, since the order of 2 mod 167 is 83, it follows that f = 83m for
some integer m and
283m − 1 = (283 − 1)(283(m−1) + · · · + 283 + 1) = 167q .
So q must be the prime (283 − 1)/167 = 57912614113275649087721. Hence we have
p = 2q + 1 = 51826343 · 2234871718163701. This is impossible. Therefore if  is an
odd prime such that  < 201, then 2f − 1 	= q , hence if  is an odd number such that
2f − 1 = q , then  ≥ 201. Since 2f | h+(p), it follows that
h+(p) ≥ 2f = q + 1 > 201q = 200q + q .
So we obtain
h+(p) > 200q + q > 200q + 100 = 100(2q + 1) = 100p,
since q > 251 > 100. Hence we have
2f | h+(p) ⇒ h+(p) > 100p .
This completes the proof. 
REMARK. Let p be a Sophie Germain prime. R. Schoof [9] states that if p < 10000,
then either h+(p) = 1 or h+(p) > 80000.
4. Proof of Theorem 1.7 and its Corollary
Proof of Theorem 1.7. Theorem 1.2 shows that either
C3(Q(
√
p)) ∼= C3(Q(ζp + ζ−1p )) or #C3(Q(
√
p) · 3f | #C3(Q(ζp + ζ−1p )) ,
where f is the order of 3 mod q . Now, we assume that #C3(Q(
√
p)) · 3f | h+(p). Class
field theory shows that the norm map from C(Q(ζp + ζ−1p )) to C(Q(√p)) is surjective.
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Since #C3(Q(
√
p)) · 3f | #C3(Q(ζp + ζ−1p )), it follows that h(Q(√p)) · 3f | h+(p). Let
n = (3f − 1)/q . Since q is an odd prime, n ≥ 2. Then we have n > 2, since the
assumption that 2q + 1 is not a power of 3. Since n > 2, Lemma 3.2 shows that if n ≤ 5C,
then q < 35C . Therefore if q < 35C , then p = 4q + 1 < 4 · 35C + 1, so p ≤ 4 · 35C .
Therefore if p > 4 · 35C , then n > 5C, hence 3f = nq + 1 > nq > 5Cq . Since
5Cq = 4Cq + Cq > 4Cq + C = C(4q + 1) = Cp, it follows that if p > 4 · 35C , then
3f > Cp. So if p > 4 · 35C , then
h+(p) ≥ h(Q(√p)) · 3f > C · h(Q(√p))p ,
which proves the theorem. 
To prove Corollary to Theorem 1.7, we need the following Lemma 4.1 and Lemma
4.2.
LEMMA 4.1. Let p be a prime such that p = 4q + 1 for some prime q ≥ 37. Let
f be the order of 3 mod q and let n be an integer such that 3f − 1 = 2nq and 2n < 403.
Then n 	= 1 and   n for any prime  such that 3 ≤  ≤ 13.
Proof. It is clear that 3  n. We now divide the proof into the following five steps.
(1) Since the assumption that 2q + 1 is not a power of 3, we have n 	= 1.
(2) Assume that 5 | n. Since n = 5k for an integer k, 3f − 1 = 10kq and 10k < 403.
Since the order of 3 mod 5 is 4, it follows that f = 4m for some integer m and
34m − 1 = (34 − 1)(34(m−1) + · · · + 34 + 1) = 10kq .
Since 34 − 1 = 24 · 5 and q is odd, k must be divisible by 8. Since k = 8r for an integer r ,
it follows that 80r < 403 and
(32m − 1)(32m + 1) = 80rq .
Since 80r < 403, we have 1 ≤ r ≤ 5. Since 32m − 1 ≡ 0 (mod 8) and 32m + 1 ≡ 2
(mod 8), we have (32m − 1)/8 and (32m + 1)/2 are integers. Since
{(32m − 1)/8} · {(32m + 1)/2} = 5rq ,
it follows that
(32m − 1)/8 ∈ {1, 5, r, q, 5r, 5q, rq, 5rq} .
If (32m − 1)/8 = 1, then 32m = 9. This is impossible, since m > 1. If (32m − 1)/8 = 5,
then 32m = 41. This is impossible. If 1 ≤ (32m−1)/8 = r ≤ 5, then 32m must be 9. This is
impossible, since m > 1. If (32m−1)/8 = q , then 1 ≤ (32m+1)/10 = r ≤ 5. So 32m must
be 9. This is impossible, since m > 1. If (32m−1)/8 = 5r , then 1 ≤ (32m−1)/40 = r ≤ 5.
Therefore 32m must be 81. So (32m + 1)/2 = q = 41, hence p = 4q + 1 = 3 · 5 · 11. This
is impossible. If (32m − 1)/8 = 5q , then 1 ≤ (32m + 1)/2 = r ≤ 5. So 32m must be 9.
This is impossible, since m > 1. If (32m − 1)/8 = rq , then (32m + 1)/2 = 5. Therefore
32m = 9. This is impossible, since m > 1. If (32m − 1)/8 = 5rq , then (32m + 1)/2 = 1.
This is impossible. So we have 5  n.
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(3) Assume that 7 | n. Since n = 7k for an integer k, 3f − 1 = 14kq and 14k < 403.
Since the order of 3 mod 7 is 6, it follows that f = 6m for some integer m and
36m − 1 = (36 − 1)(36(m−1) + · · · + 36 + 1) = 14kq .
Since 36 − 1 = 23 · 7 · 13 and q ≥ 37, k must be divisible by 22 · 13. This is impossible,
since k < 403/14. So we have 7  n.
(4) Assume that 11 | n. Since n = 11k for an integer k, 3f − 1 = 22kq and 22k <
403. Since the order of 3 mod 11 is 5, it follows that f = 5m for some integer m and
35m − 1 = (35 − 1)(35(m−1) + · · · + 35 + 1) = 22kq .
Since 35 − 1 = 2 · 112 and q ≥ 37, k must be divisible by 11. Since 22k < 403, k must be
11. Hence m > 1 and
35m − 1 = 242q .
Since the order of 3 mod 242 is 5 and f = 5m > 5, Lemma 3.1 shows that m > 1 must be
a power of 5. Therefore it follows that m = 5u for some integer u and
325u − 1 = (325 − 1)(325(u−1) + · · · + 325 + 1) = 242kq .
Since 325−1 = 242·8951·391151, q must be divisible by 8951·391151. This is impossible.
So we have 11  n.
(5) Assume that 13 | n. Since n = 13k for an integer k, 3f − 1 = 26kq and 26k <
403. To prove that 13  n, we remark that k ≡ 1 (mod 6). If k is even, then k = 2r for
an integer r , hence 3f − 1 = 52rq and 52r < 403. Since the order of 3 mod 52 is 6, it
follows that f = 6m for some integer m and
36m − 1 = (36 − 1)(36(m−1) + · · · + 36 + 1) = 52kq .
Since 36 − 1 = 23 · 7 · 13 and q ≥ 37, r must be divisible by 14. This is impossible, since
r < 403/52. So k must be odd. Since 3f − 1 = 26kq and q ≡ 1 (mod 3), we have k ≡ 1
(mod 3). Therefore we have k ≡ 1 (mod 6), since k is odd and k ≡ 1 (mod 3). Since
k ≡ 1 (mod 6) and k < 403/26, k ∈ {1, 7, 13}. On the other hand, we have k 	= 7 by (3).
So k ∈ {1, 13}.
k = 1: In this case, since the order of 3 mod 26 is 3, it follows that f = 3m for some
integer m > 1 and
33m − 1 = 26q .
Since the order of 3 mod 26 is 3 and f = 3m > 3, Lemma 3.1 shows that m > 1 must be
a power of 3. Therefore it follows that m = 3u for some integer u and
39u − 1 = (39 − 1)(39(u−1) + · · · + 39 + 1) = 26q .
Since 39 − 1 = 26 · 757, q must be 757. So p = 4q + 1 = 13 · 233. This is impossible.
k = 13: In this case, since the order of 3 mod 338 is 39, it follows that f = 39m for
some integer m and
339m − 1 = (313 − 1)(313(3m−1) + · · · + 313 + 1) = 338q .
Since 339 − 1 = 2 · 797161, q must be the prime 797161. So p = 4q + 1 = 5 · 637729.
This is impossible. Therefore we have 13  n. So the lemma holds. 
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LEMMA 4.2. Let p be a prime such that p = 4q + 1 for some prime q . Let f be the
order of 3 mod q and let  be an odd prime such that 3f −1 = 2q . Then  ≡ 1 (mod 12).
Proof. Note that q ≡ 1 (mod 3). Since 3f − 1 = 2q and q ≡ 1 (mod 3), we have
(1)  ≡ 1 (mod 3) .
On the other hand, if f is odd, then then
( 3

) = 1, where ( 3

)
is the Kronecker symbol.











So if f is odd, then  ≡ ±1 (mod 12). Hence if  ≡ ±5 (mod 12), then f = 2m for some
integer m and
32m − 1 = (32 − 1)(32(m−1) + · · · + 32 + 1) = 2q .
Therefore q ≡ 0 (mod 2). This is impossible, since q is odd. So we have
(2)  ≡ ±1 (mod 12) .
Since (1) and (2), we have  ≡ 1 (mod 12). This completes the proof. 
Proof of Corollary to Theorem 1.7. Theorem 1.2 shows that either
C3(Q(
√
p)) ∼= C3(Q(ζp + ζ−1p )) or #C3(Q(
√
p)) · 3f | #C3(Q(ζp + ζ−1p )) ,
where f is the order of 3 modq . By Theorem 1.3, it follows that if p ≤ 67, then h+(p) =
1. So Theorem 1.7 holds for q < 37, since p = 4q + 1 < 67. So for simplicity we assume
that q ≥ 37. Further, from now on, we assume that #C3(Q(√p)) · 3f | h+(p). Class field
theory shows that the norm map from C(Q(ζp + ζ−1p )) to C(Q(√p)) is surjective. Since
#C3(Q(
√
p)) · 3f | #C3(Q(ζp + ζ−1p )), it follows that h(Q(√p)) · 3f | h+(p).
In the following, we prove that
h(Q(
√
p)) · 3f | h+(p) ⇒ h+(p) > 100 · h(Q(√p))p .
We now divide the proof into the following three steps.
(i) Assume that  is an odd number such that 3f − 1 = 2q and 2 < 403. Since
2 < 403 and Lemma 4.1, it follows that  must be a prime such that 17 ≤  ≤ 199. So
Lemma 4.2 shows that
 ∈ {37, 61, 73, 97, 109, 181, 193} .
Since q and  are odd primes, we have
(a) f is an odd number which has at most two prime factors.
If  ∈ {37, 61, 73, 97, 193}, then the order of 3 mod  is an even number. This is impos-
sible, since (a). If  ∈ {109, 181}, then the order of 3 mod  is an odd number which has
three prime factors. This is impossible, since (a). Therefore if  is an odd number such that
2 < 403, then 3f − 1 	= 2q .
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(ii) Assume that n is an even number such that 3f − 1 = 2nq and 2n < 403. Since
n = 2k for an integer k, 3f − 1 = 4kq and 4k < 403. Since the order of 3 mod 4 is 2, it
follows that f = 2m for some integer m and
32m − 1 = (32 − 1)(32(m−1) + · · · + 32 + 1) = 4kq .
Since 32 − 1 = 8, k must be divisible by 2. Since k = 2r for an integer r , 32m − 1 = 8rq
and 8r < 403. To prove that if n is an even number such that 2n < 403, then 3f −1 	= 2nq ,
we remark that r and m are odd. In fact, if r is even, then r = 2s for some integer s, hence
32m − 1 = 16sq . Since the order 3 of 16 is 4, it follows that m = 2u for some integer u and
34u − 1 = (34 − 1)(34(u−1) + · · · + 34 + 1) = 16sq .
Since 34 − 1 = 24 · 5 and q ≥ 37, s must be divisible by 5. This is impossible by Lemma
4.1. Therefore r must be odd. By the same argument, m must be also odd. So r and m must
be odd.
First suppose that r is an odd prime such that 8r < 403 and
(3m − 1)(3m + 1) = 8rq .
Since m (> 1) is odd, 3m − 1 ≡ 2 (mod 8) and 3m + 1 ≡ 4 (mod 8). Since (3m −
1)/2, (3m + 1)/4 are integers and
{(3m − 1)/2} · {(3m + 1)/4} = rq ,
it follows that
(3m − 1)/2 ∈ {1, r, q, rq} .
If (3m − 1)/2 = 1, then 3m = 3. This is impossible, since m > 1. If (3m − 1)/2 = q ,
then 3m = 2q + 1. This is impossible, since the assumption that 2q + 1 is not a power
of 3. If (3m − 1)/2 = rq , then (3m + 1)/4 = 1. This is impossible, since m > 1. If
(3m − 1)/2 = r and m ≥ 5, then r ≥ 121. This is impossible, since r < 403/8. So if
(3m − 1)/2 = r , then m must be 3. Hence r must be 13. This is impossible by Lemma 4.1.
Next suppose that r is an odd composite number such that 8r < 403 and
(3m − 1)(3m + 1) = 8rq .
Since r < 403/8 and Lemma 4.1, r must be 1. So we have
32m − 1 = 8q .
Since the order of 3 mod 8 is 2 and f = 2m > 2, Lemma 3.1 shows that m > 1 must be a
power of 2. So it follows that m = 2u for some integer u and
34u − 1 = (34 − 1)(34(u−1) + . . . + 34 + 1) = 8q .
Since 34 − 1 = 24 · 5, q must be even. This is impossible. Hence if n is an even number
such that 2n < 403, then 3f − 1 	= 2nq .
(iii) It follows from (i) and (ii) that if n is an integer such that 3f − 1 = 2nq , then
2n ≥ 403. Since h(Q(√p)) · 3f | h+(p), it follows that
h+(p) ≥ h(Q(√p)) · 3f = h(Q(√p)) · (2nq + 1) ≥ h(Q(√p)) · (403q + 1) .
On The -Class Groups of Real Cyclotomic Fields of Prime Conductor 159
So we obtain
h+(p) > h(Q(√p)) · (400q + 3q) > h(Q(√p)) · (400q + 100) ,
since 3q ≥ 3 · 37 > 100. Since 400q + 100 = 100(4q + 1) = 100p, we have
h(Q(
√
p)) · 3f | h+(p) ⇒ h+(p) > 100 · h(Q(√p))p .
This completes the proof. 
REMARK. Let p be a prime such that p = 4q + 1 for some prime q . Then there
exist only two examples {13, 1093} for q < 1037, which satisfy the condition that 2q + 1 is
a power of 3. Let q be the prime 13. Then p = 4q + 1 is the prime 53 and h(Q(√53)) =
1. From Theorem 1.4, we have h+(53) = 1. So Theorem 1.7 holds for p = 53. Let
q be the prime 1093. Then p = 4q + 1 is the prime 4373. We do not know whether
Theorem 1.7 holds or not for p = 4373. On the other hand, R. Schoof [9] states that if
p = 4q + 1 < 10000, then either h+(p) = h(Q(√p)) or h+(p) > 80000 · h(Q(√p)),
where h(Q(
√
p)) = 3 if p ∈ {1229, 4493, 8069, 9749} and h(Q(√p)) = 1 otherwise. So
it follows that either h+(4373) = h(Q(√4373)) = 1 or h+(4373) > 80000.
5. Proof of Theorem 1.8 and its Corollary




p)) ∼= C5(Q(ζp + ζ−1p )) or #C5(Q(
√
p)) · 5f | #C5(Q(ζp + ζ−1p )) ,
where f is the order of 5 mod q . Now, we assume that #C5(Q(
√
p)) · 5f | #C5(Q(ζp +
ζ−1p )). Class field theory shows that the norm map from C(Q(ζp + ζ−1p )) to C(Q(√p))
is surjective. Since #C5(Q(
√
p)) · 5f | #C5(Q(ζp + ζ−1p )), it follows that h(Q(√p)) ·
5f | h+(p). Let n = (5f − 1)/q . Since q is an odd prime, n ≥ 4. If n = 4, then
5f = 4q + 1 = p. This is impossible, since p > 5 is a prime. So we have n > 4. Since
n > 4, Lemma 3.2 shows that if n ≤ 5C, then q < 55C . Therefore if q < 55C , then
p = 4q + 1 < 4 · 55C + 1, so p ≤ 4 · 55C . Therefore if p > 4 · 55C , then n > 5C, hence
5f = nq + 1 > nq > 5Cq . Since 5Cq = 4Cq + Cq>4Cq + C = C(4q + 1) = Cp, it
follows that if p > 4 · 55C , then 5f > Cp. So if p > 4 · 55C , then
h+(p) ≥ h(Q(√p)) · 5f > C · h(Q(√p))p ,
which proves the theorem. 
To prove Corollary to Theorem 1.8, we need the following Lemma 5.1 and Lemma
5.2.
LEMMA 5.1. Let p be a prime such that p = 4q + 1 for some prime q ≥ 37. Let
f be the order of 5 modq and let n be an integer such that 5f − 1 = 4nq and 4n < 403.
Then 4  n, 9  n and   n for any prime  such that 5 ≤  ≤ 13.
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Proof˙ It is clear that 5  n. We now divide the proof into the following five steps.
(1) Assume that 4 | n. Since n = 4k for an integer k, 5f − 1 = 16kq and 16k < 403.
Since the order of 5 mod 16 is 4, it follows that f = 4m for some integer m and
54m − 1 = (54(m−1) + · · · + 54 + 1) = 16kq .
Since 54 − 1 = 24 · 3 · 13 and q ≥ 37, k must be divisible by 3 · 13. This is impossible,
since k < 403/16. So we have 4  n.
(2) Assume that 9 | n. Since n = 9k for an integer k, 5f − 1 = 36kq and 36k < 403.
Since the order of 5 mod 36 is 6, it follows that f = 6m for some integer m and
56m − 1 = (56 − 1)(56(m−1) + · · · + 56 + 1) = 36kq .
Since 56 −1 = 23 ·32 ·7 ·31 and q ≥ 37, k must be divisible by 2 ·7 ·31. This is impossible,
since k < 403/36. So we have 9  n.
(3) Assume that 7 | n. Since n = 7k for an integer k, 5f − 1 = 28kq and 28k < 403.
Since the order of 5 mod 28 is 6, it follows that f = 6m for some integer m and
56m − 1 = (56 − 1)(56(m−1) + · · · + 56 + 1) = 28kq .
Since 56 − 1 = 23 · 32 · 7 · 31 and q ≥ 37, k must be divisible by 2 · 32 · 31. This is
impossible, since k < 403/28. So we have 7  n.
(4) Assume that 11 | n. Since n = 11k for an integer k, 5f − 1 = 44kq and 44k <
403. Since the order of 5 mod 44 is 5, it follows that f = 5m for some integer m and
55m − 1 = (55 − 1)(55(m−1) + · · · + 55 + 1) = 44kq .
Since 55 − 1 = 22 · 11 · 71, kq must be divisible by 71. If k is an integer prime to 71, then
q must be 71. So p = 4q + 1 = 3 · 5 · 19. This is impossible. Hence k must be divisible by
71. This is also impossible, since k < 403/44. So we have 11  n.
(5) Assume that 13 | n. Since n = 13k for an integer k, 5f − 1 = 52kq and 52k <
403. Since the order of 5 mod 52 is 4, it follows that f = 4m for some integer m and
54m − 1 = (54 − 1)(54(m−1) + · · · + 54 + 1) = 52kq .
Since 54 − 1 = 24 · 3 · 13 and q ≥ 37, k must be divisible by 22 · 3. This is impossible,
since k < 403/52. Therefore we have 13  n. So the lemma holds. 
LEMMA 5.2. Let p be a prime such that p = 4q + 1 for some prime q . Let f be
the order of 5 mod q and let n be an odd number such that 5f − 1 = 4nq . Then n ≡ −1
(mod 10).
Proof. Since p = 4q + 1 is a prime, we have q 	≡ 1 (mod 5). On the other hand, if
f is odd, then
( 5
q















) = 1 and q 	≡ 1 (mod 5), we have q ≡ −1 (mod 5). So if q ≡ ±2 (mod 5),
then f = 2m for some integer m and
52m − 1 = (52 − 1)(52(m−1) + · · · + 52 + 1) = 4nq .
Since 52 − 1 = 23 ·3, nq must be even. This is impossible, since nq is odd. Hence we have
q ≡ −1 (mod 5). Since 5f − 1 = 4nq and q ≡ −1 (mod 5), we have n ≡ −1 (mod 5).
So we have n ≡ −1 (mod 10), since n is odd. This completes the proof. 
Proof of Corollary to Theorem 1.8. Let q = (p − 1)/4. Then q is a prime. Theorem
1.2 shows that either
C5(Q(
√
p)) ∼= C5(Q(ζp + ζ−1p )) or #C5(Q(
√
p)) · 5f | #C5(Q(ζp + ζ−1p )) ,
where f is the order of 5 mod q . By Theorem 1.3, it follows that if p ≤ 67, then h+(p) =
1. So Theorem 1.8 holds for q < 37, since p = 4q + 1 < 67. So for simplicity we
assume that q ≥ 37. Further, from now on, we assume that #C5(Q(√p)) ·5f | #C5(Q(ζp +
ζ−1p )). Class field theory shows that the norm map from #C(Q(ζp + ζ−1p )) to #C(Q(√p))
is surjective. Since #C5(Q(
√
p)) · 5f | #C5(Q(ζp + ζ−1p )), it follows that h(Q(√p)) ·
5f | h+(p).
In the following, we prove that
h(Q(
√
p)) · 5f | h+(p) ⇒ h+(p) > 100 · h(Q(√p))p .
We now divide the proof into the following three steps.
(i) Note that q 	≡ 1 (mod 5). Assume that n is an odd number such that 5f − 1 =
4nq and 4n < 403. Since nq is odd, f must be odd. Since 4n < 403, Lemma 5.1 and
Lemma 5.2, it follows that
n ∈ {19, 29, 59, 69, 79, 89} .
Assume that n ∈ {29, 69, 89}. Then it follows that the order of 5 mod n is even. So f must
be even. This is impossible, since f is odd. Therefore n 	= 29, 69, 89. So n ∈ {19, 59, 79}.
Since q 	≡ 1 (mod 5) and 5f −1 = 4nq , it follows that if n is an odd prime, then f must be
an odd prime. If n ∈ {19, 79}, then the order of 5 mod n is a composite number. Therefore
f must be a composite number. This is impossible, since f is a prime. So n must be 59.
n = 59 : In this case, since the order of 5 mod 236 is 29, it follows that f = 29m for
some integer m and
529m − 1 = (529 − 1)(529(m−1) + · · · + 529 + 1) = 236q .
Since 529 − 1 = 236 · 35671 · 22125996444329, q must be divisible by 35671·
22125996444329. This is impossible. So if n is an odd number such that 4n < 403,
then 5f − 1 	= 4nq .
(ii) Assume that n is an even number such that 5f − 1 = 4nq and 4n < 403. Since
n = 2k for an integer k, 5f − 1 = 8kq and 8k < 403. Since the order of 5 mod 8 is 2, it
follows that f = 2m for some integer m and
52m − 1 = (52 − 1)(52(m−1) + · · · + 52 + 1) = 8kq .
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Since 52 − 1 = 23 · 3 and q ≥ 37, k must be divisible by 3. Since k = 3r for an integer r ,
5f − 1 = 24rq and 24r < 403. Since 24r < 403 and Lemma 4.3, r must be 1. So we have
5f − 1 = 24q . Since the order of 5 mod 24 is 2, it follows that f = 2m for some integer
m and
52m − 1 = (52 − 1)(52(m−1) + · · · + 52 + 1) = 24q .
Since 52 − 1 = 24, 52(m−1) + · · · + 52 + 1 = q . This is impossible, since q 	≡ 1 (mod 5).
So if n is an even number such that 4n < 403, then 5f − 1 	= 4nq .
(iii) It follows from (i) and (ii) that if n is an integer such that 5f − 1 = 4nq , then
4n ≥ 403. Since h(Q(√p)) · 5f | h+(p), it follows that
h+(p) ≥ h(Q(√p)) · 5f = h(Q(√p)) · (4nq + 1) ≥ h(Q(√p)) · (403q + 1) .
So we obtain
h+(p) > h(Q(√p)) · (400q + 3q) > h(Q(√p)) · (400q + 100) ,
since 3q ≥ 3 · 37 > 100. Since 400q + 100 = 100(4q + 1) = 100p, we have
h(Q(
√
p)) · 5f | h+(p) ⇒ h+(p) > 100 · h(Q(√p))p .
This completes the proof. 
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